Recently, Bruinier and Ono proved that the coefficients of certain weight −1/2 harmonic weak Maaß forms are given as "traces" of singular moduli for harmonic weak Maaß forms. Here, we prove that similar results hold for the coefficients of harmonic weak Maaß forms of weight 3/2 + k, k even, and weight 1/2 − k, k odd, by extending the theta lift of Bruinier-Funke and Bruinier-Ono. Moreover, we generalize these results to include twisted traces of singular moduli using earlier work of the author and Ehlen on the twisted Bruinier-Funke-lift. Employing a duality result between weight k and 2 − k, we are able to cover all half-integral weights. We also show that the non-holomorphic part of the theta lift in weight 1/2 − k, k odd, is connected to the vanishing of the special value of the L-function of a certain derivative of the lifted function.
Introduction and statement of results
A classical result states that the values of the modular j-invariant at quadratic irrationalities, called "singular moduli", are algebraic integers. Zagier [Zag02] showed that the (twisted) traces of these values occur as the Fourier coefficients of weakly holomorphic modular forms of weight 3/2. These are meromorphic modular forms that are holomorphic on the upper half-plane H := {z ∈ C; ℑ(z) > 0}, with possible poles at the cusps.
Zagier's results were generalized in various directions, mostly for modular curves of genus 0 [BO07, DJ08, Kim09, MP10] . Building upon previous work of Funke [Fun02] Bruinier and Funke [BF06] showed that Zagier's result on the traces of the j-function can be obtained as a special case of a theta lift using a kernel function constructed by Kudla and Millson [KM86] . The lift of Bruinier and Funke maps a harmonic weak Maaß form F of weight 0 on a modular curve of arbitrary genus to a form Λ(τ, F ) of weight 3/2. The Fourier coefficients of positive index of Λ(τ, F ) are given by the traces of the CM-values of F [BF06, Theorem 7.8]. In [AE] a twisted version of Bruinier's and Funke's theta lift was considered.
Recently, Bruinier and Ono [BO] obtained a result similar to that of Bruinier and Funke for the coefficients of weight −1/2 harmonic Maaß forms. Using the Maaß raising and lowering operators they modified the theta lift of Bruinier and Funke such that it lifts from weight −2 to weight −1/2. In this way, they obtained a closed formula for the partition function p(n) in terms of traces of the CM-values of the derivative of a weakly holomorphic modular form F of weight −2 on Γ 0 (6). Moreover, they showed that these values are algebraic with explicitly bounded denominators.
Here, we generalize their construction in two ways. Firstly, we extend the lift to other weights (as suggested by Bruinier and Ono) and secondly, we include twisted traces.
To make these results more precise we briefly introduce harmonic weak Maaß forms and quadratic forms. Throughout the introduction N is a square-free positive integer.
Let k be an integer. A twice continuously differentiable function f : H → C is called a harmonic weak Maaß form of weight k with respect to Γ 0 (N) if it satisfies
(1) f (γτ ) = (cτ + d) k f (τ ), for γ ∈ Γ 0 (N), (2) ∆ k f = 0, (3) there is a polynomial P f (τ ) = n≤0 c + (n)q n ∈ C[q −1 ] such that f (τ ) − P f (τ ) → 0 as v → ∞. Similar conditions are required at all cusps.
Here, we write τ = u + iv with u, v ∈ R, and ∆ k = −v 2 ∂ 2 ∂u 2 + ∂ 2 ∂v 2 + ikv ∂ ∂u + i ∂ ∂v is the weight k Laplace operator. The space of harmonic Maaß forms includes the spaces of (weakly) holomorphic modular forms and cusp forms. We will also define vector valued analogs of these spaces. In this case, we require a transformation property with respect to the metaplectic group (see Section 2.2). Moreover, we define forms of half-integral weight, then requiring that 4|N. Throughout the introduction we only consider harmonic weak Maaß forms satisfying a strong growth condition at the cusps, whereas we will later allow weaker growth conditions.
The Fourier expansion at ∞ of any harmonic weak Maaß form uniquely decomposes into a holomorphic and a non-holomorphic part [BF04,  Section 3]
where Γ(a, x) denotes the incomplete Γ-function and q := e 2πiτ .
For a negative discriminant D and an integer r with r 2 ≡ D (mod 4N), we denote by Q D,r,N the set of positive and negative definite integral binary quadratic forms Q = [a, b, c] of discriminant D = b 2 − 4ac with N|c and b ≡ r (mod 2N). Then we let α Q = −b+ √ D 2a be the Heegner point corresponding to Q = [a, b, c] ∈ Q D,r,N . The group Γ 0 (N) acts on Q D,r,N with finitely many orbits.
We let ∆ be a fundamental discriminant and r ∈ Z with r 2 ≡ ∆ (mod 4N). Moreover, let d be a positive integer such that − sgn(∆)d is a square modulo 4N and let h ∈ Z/2NZ (this index will determine the component of a vector valued form). For a harmonic Maaß form f of weight −2k for Γ 0 (N) we put ∂f := R k −2k f , where R k −2k = R −2 • · · · • R −2k and R k := 2i ∂ ∂τ + kv −1 is the Maaß raising operator. We define the modular trace function
Here Γ Q denotes the stabilizer of Q in Γ 0 (N), the image of Γ 0 (N) in PSL 2 (Z). The function χ ∆ is a genus character, which will be defined in Section 2.3. For ∆ = 1 we have χ ∆ (Q) = 1 for all Q ∈ Q −d|∆|,rh,N . Defining a theta lift using a twisted Kudla-Millson theta function we can then generalize the results of Bruinier and Funke [BF06] and Bruinier and Ono [BO] .
Theorem 1.1. Assume the notation as above and let f be a harmonic weak Maaß form of weight −2k for Γ 0 (N).
(1) For even k there is a vector valued weakly holomorphic modular form of weight 3/2 + k such that its (d, h)-th Fourier coefficient is given by
(2) For odd k there is a vector valued harmonic weak Maaß form of weight 1/2 −k such that its (d, h)-th Fourier coefficient is given by
This form is weakly holomorphic if and only if f is weakly holomorphic or if the twisted L-function of
Remark. Note that the transformation properties of the vector valued form depend on the sign of ∆ (see Corollary 4.4).
Remark. The theorem sheds new light on nonvanishing conditions for the twisted central L-values. Goldfeld [Gol79] conjectured that a positive proportion of discriminants 0 < |∆| ≤ X have the property that L(ξ −2k (f ), ∆, k + 1) = 0 (where the notation is as in Theorem 1.1). Similarly to the formula Bruinier and Ono get for the partition function p(n) [BO, Theorem 1.1], whose generating function is essentially the reciprocal of Dedekind's η-function, we obtain a formula in terms of traces of a weight −26 function F for the coefficients of 1 η(τ ) 25 (see Section 7.1). Note, however, that we do not obtain the algebraicity of the CM-values of F since this function is not weakly holomorphic (compare Theorem 1.2).
Example. We consider
of this function is given by
where F andF are harmonic weak Maaß forms of weight −26 given by a linear combination of Poincaré series defined in Section 7.1. Note that even though F and F are not weakly holomorphic, the sum of these traces is an integer (up to a constant).
Remark. Given a scalar valued form one has to realize it as the component of a vector valued harmonic weak Maaß form to be able to obtain a formula as above for its coefficients. Here, the vector valued form has to transform with respect to a certain Weil representation as in Section 2.2. For a detailed discussion of this problem see a recent preprint of Fredrik Strömberg [Str] . If the corresponding vector valued form is known, one can construct the input function using Poincaré series.
Moreover, using work of Bruinier and Ono [BO, Section 4], we bound the denominators of the singular moduli.
Theorem 1.2. Assume that the weakly holomorphic modular form f of weight −2k for Γ 0 (N) has integral coefficients at all cusps. Let D > 0 be coprime to 2N and r ∈ Z with r 2 ≡ D (mod 4N). If Q ∈ Q D,r,N is primitive and positive definite,
is an algebraic integer in the ring class field for the order
is a union of Galois orbits. Remark. Note that these results generalize works of Duke and Jenkins [DJ08] and Miller and Pixton [MP10] . We also obtain the results in Section 9 of [Zag02] as a special case.
We let κ = 3/2 + k, if k is odd, and κ = 1/2 − k, if k is even. Using a duality result we also realize the Fourier coefficients of harmonic weak Maaß forms of weight κ as traces of CM-values of weight −2k harmonic weak Maaß forms. Theorem 1.3. We let F be a harmonic weak Maaß form of weight κ and ∆, d, r as before. We denote the (d, h)-th Fourier coefficient of the holomorphic part by c + F (d, h).
Moreover, let f ∈ M ! −2k (N), such that the lift of f is weakly holomorphic. We denote the coefficients of the principal part of the theta lift by a + Λ (d, h). Then we have
The theorem follows from the fact that the theta lift is orthogonal to cusp forms (see Section 5). The well-known pairing between weight k and 2 − k forms introduced by Bruinier and Funke [BF04, Proposition 3.5] directly implies the formula in Theorem 1.3.
Example. We let f (q) be Ramanujan's mock theta function
Let F (z) be the weakly holomorphic modular function for Γ 0 (6) defined by
where E 4 (z) is the usual weight 4 Eisenstein series. For a fundamental discriminant ∆ < 0 with ∆ ≡ 1 (mod 24) we then have a f |∆| + 1 24 = − 1 8i |∆| (t ∆,1 (F ; 1, 1) − t ∆,1 (F ; 1, 5) + t ∆,1 (F ; 1, 7) − t ∆,1 (F ; 1, 11)).
Since F is weakly holomorphic, it follows by classical results that the values F (α Q ) as Q ranges over Q ∆,1,6 are algebraic numbers.
The paper is organized as follows. In Section 2 we review background material on quadratic spaces and (vector valued) automorphic forms. Moreover, we review the strategy for twisting vector valued automorphic forms as developed in [AE] . Then we define differential operators on spaces of automorphic forms and Poincaré series. The twisted Kudla-Millson and Siegel theta function are defined in Section 3. In Section 4 we then define the theta lift and compute the lift on Poincaré series and the coefficients of positive index of the holomorphic part of the lift. Then we show that the lift is orthogonal to cusp forms which essentially implies Theorem 1.3. Theorem 1.2 is proven in Section 6. The two examples of the introduction are then derived in detail in the last section.
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Preliminaries
For a positive integer N we consider the rational quadratic space of signature (1, 2) given by
and the quadratic form Q(λ) := Ndet(λ). The associated bilinear form is (λ, µ) = −Ntr(λµ) for λ, µ ∈ V . We let G = Spin(V ) ≃ SL 2 , viewed as an algebraic group over Q and write Γ for its image in SO(V ) ≃ PSL 2 . By D we denote the associated symmetric space. It can be realized as the Grassmannian of lines in V (R) on which the quadratic form Q is positive definite, D ≃ {z ⊂ V (R); dimz = 1 and Q| z > 0} . Then the group SL 2 (Q) acts on V by conjugation g.V := gλg −1 , for λ ∈ V and g ∈ SL 2 (Q). In particular, G(Q) ≃ SL 2 (Q).
We identify the symmetric space D with the complex upper half-plane H in the usual way, and obtain an isomorphism between H and D by
where, for z = x + iy, we pick as a generator for the associated positive line
The group G acts on H by linear fractional transformations and the isomorphism above is G-equivariant. Note that Q (λ(z)) = 1 and g.λ(z) = λ(gz) for g ∈ G(R).
. This is the minimal majorant of (·, ·) associated with z ∈ D.
We can view Γ 0 (N) as a discrete subgroup of Spin(V ) and we write M = Γ 0 (N) \ D for the attached locally symmetric space.
We identify the set of isotropic lines
The map ψ is a bijection and ψ(g(α : β)) = g.ψ((α : β)). Thus, the cusps of M (i.e. the Γ 0 (N)-classes of P 1 (Q)) can be identified with the Γ 0 (N)-classes of Iso(V ).
By α ℓ we denote the width of the cusp ℓ.
Heegner points are given as follows. For λ ∈ V (Q) with Q(λ) > 0 we let
For Q(λ) ≤ 0 we set D λ = ∅. We denote the image of D λ in M by Z(λ).
2.1.
A lattice related to Γ 0 (N). Following Bruinier and Ono [BO10, BO] , we consider the lattice
The dual lattice corresponding to the bilinear form (·, ·) is given by
We identify the discriminant group
For a fundamental discriminant ∆ ∈ Z we will consider the rescaled lattice ∆L together with the quadratic form Q ∆ (λ) := Q(λ) |∆| . The corresponding bilinear form is then given by (·, ·) ∆ = 1 |∆| (·, ·). The dual lattice of ∆L with respect to (·, ·) ∆ is equal to L ′ . We denote the discriminant group L ′ /∆L by D(∆).
For m ∈ Q and h ∈ D, we let
By reduction theory, if m = 0 the group Γ 0 (N) acts on L h,m with finitely many orbits. We will also consider the one-dimensional lattice K = Z ( 1 0 0 −1 ) ⊂ L. We have L = K + Zℓ + Zℓ ′ where ℓ and ℓ ′ are the primitive isotropic vectors
The Weil representation and vector valued automorphic forms. By
Mp 2 (Z) we denote the integral metaplectic group. It consists of pairs
√ τ ) and T = (( 1 1 0 1 ) , 1). We let Γ ∞ := T ⊂Γ. We consider the Weil representation ρ ∆ of Mp 2 (Z) corresponding to the discriminant group D(∆) on the group ring C[D(∆)], equipped with the standard scalar product ·, · , conjugate-linear in the second variable. We simply write ρ for ρ 1 .
Let e(ma) := e 2πia . We write e δ for the standard basis element of C[D(∆)] corresponding to δ ∈ D(∆). The action of ρ ∆ on basis vectors of C[D(∆)] is given by the following formulas for the generators S and T of Mp 2 (Z)
Let k ∈ 1 2 Z, and let A k,ρ ∆ be the vector space of functions f :
is the weight k Laplace operator. We denote the space of such functions by H k,ρ ∆ . Moreover, we let H + k,ρ ∆ be the subspace of functions in H k,ρ ∆ whose singularity at ∞ is locally given by the pole of a meromorphic function. By M ! k,ρ ∆ ⊂ H + k,ρ ∆ we denote the subspace of weakly holomorphic modular forms.
Similarly, we can define scalar valued analogs of these spaces of automorphic forms. In this case, we require analogous conditions at all cusps of Γ 0 (N) in (ii). We denote these spaces by H + k (N) and M ! k (N). Note that the Fourier expansion of any harmonic weak Maaß form uniquely decomposes into a holomorphic and a non-holomorphic part [BF04, Section 3]
where Γ(a, x) denotes the incomplete Γ-function. The first summand is called the holomorphic part of f , the second one the non-holomorphic part.
2.3. Twisting vector valued modular forms. We define a generalized genus char-
Then
Here, [a, b, Nc] is the integral binary quadratic form corresponding to δ, and n is any integer prime to ∆ represented by [a, b, Nc].
The function χ ∆ is invariant under the action of Γ 0 (N) and under the action of all Atkin-Lehner involutions. It can be computed by the following formula [GKZ87, Section I.2, Proposition 1]: If ∆ = ∆ 1 ∆ 2 is a factorization of ∆ into discriminants and N = N 1 N 2 is a factorization of N into positive factors such that (∆ 1 , N 1 a) = (∆ 2 , N 2 c) = 1, then
If no such factorizations of ∆ and N exist, we have χ ∆ ([a, b, Nc]) = 0.
Since χ ∆ (δ) depends only on δ ∈ L ′ modulo ∆L, we can view it as a function on the discriminant group D(∆).
In [AE] it was shown that we obtain an intertwiner of the Weil representations corresponding to D and D(∆) via χ ∆ .
Proposition 2.1 (Proposition 3.2, [AE] ). We denote by π : D(∆) → D the canonical projection. For h ∈ D, we define
Then ψ ∆,r : D → D(∆) defines an intertwining linear map between the representations ρ and ρ ∆ , where
Remark. For a function f ∈ A k,ρ ∆ this directly implies that the function g :
2.4. Differential Operators. We define the Maaß lowering and raising operator by
The lowering operator L k takes automorphic forms of weight k to automorphic forms of weight k − 2 and the raising operator R k takes automorphic forms of weight k to automorphic forms of weight k +2. Moreover, these operators commute with the slash operator and they satisfy the following relations with the weighted Laplace operator
We also define iterated versions of the raising and lowering operators
3) we can show by induction that these operators commute with the weighted Laplacian. 
where g ∈ M 2−k,ρ , f ∈ H + k,ρ , and (·, ·) denotes the Petersson scalar product. They obtain a duality result for g ∈ M 2−k,ρ and f ∈ H + k,ρ (see Proposition 3.5 of [BF04] ). This pairing extends to weakly holomorphic forms g ∈ M ! 2−k,ρ .
Here a + (n, h) denotes the (n, h)-th coefficient of the holomorphic part of f and b(n, h) the (n, h)-th coefficient of g.
2.5. Poincaré series and Whittaker functions. We recall some facts on Poincaré series with exponential growth at the cusps following Section 2.6 of [BO] . We let k ∈ 1 2 Z, and M ν,µ (z) and W ν,µ (z) denote the usual Whittaker functions (see p. 190 of [AS84] ). For s ∈ C and y ∈ R >0 we put
We let Γ ∞ be the subgroup of Γ 0 (N) generated by
This Poincaré series converges for ℜ(s) > 1, and it is an eigenfunction of ∆ k with eigenvalue s(1−s)+(k 2 −2k)/4. Its specialization at s 0 = 1−k/2 is a harmonic Maaß form [Bru02, Proposition 1.10]. The principal part at the cusp ∞ is given by q −m + C for some constant C ∈ C. The principal parts at the other cusps are constant.
The Poincaré series behave nicely under the Maaß raising and lowering operator.
Proposition 2.4 (Proposition 2.2, [BO] ). We have that
Similarly
Proposition 2.5. We have that
Proof. This is proven analogously to Proposition 2.2 in [BO] . Now we use equations (13.4.11) and (13.1.32) in [AS84] .
We now define C[L ′ /L]-valued analogs of these series. Let h ∈ L ′ /L and m ∈ Z − Q(h) be positive. For k ∈ Z − 1 2 <0 we let Later we will also consider the W -Whittaker function W s,k (y) = y −k/2 W k/2,s−1/2 (y), y > 0.
We compute its behavior under the Maaß raising and lowering operator.
Proposition 2.6. For m > 0 and y > 0 we have that
and R k W s,k (4πmy)e(mx) = −4πmW s,k+2 (4πmy)e(mx).
Proof. For the first equation we use (13.1.33) and (13.4.23) and for the second one (13.1.33) and (13.4.26) in [AS84] . The vector valued theta series
Theta Functions
is then a C ∞ -automorphic form of weight 3/2 which transforms with respect to the representation ρ ∆ [BF06] .
We obtain a C[D]-valued twisted theta function by setting
where the corresponding components for h ∈ D are defined as
By Proposition 2.1 the theta function Θ ∆,r (τ, z, ϕ KM ) is a non-holomorphic C[D]valued modular form of weight 3/2 for the representation ρ. Furthermore, it is a non-holomorphic automorphic form of weight 0 for Γ 0 (N) in the variable z ∈ D.
Following [BF06] we rewrite the Kudla-Millson kernel as a Poincaré series using the smaller lattice K. We let ǫ = 1, when ∆ > 0, and ǫ = i, when ∆ < 0. The following proposition can be found in [Ehl] .
Proposition 3.1. We have
3.2. The Siegel theta function. We define the Siegel theta function by
Here ϕ S (λ, z) = e −π(λ,λ) ∆,z is the Gaussian on V (R) associated to the majorant (·, ·) z . The Siegel theta function is a Γ 0 (N)-invariant function in z and a non-holomorphic modular form of weight −1/2 for Γ with representation ρ. By ∂,∂ we denote the usual differentials on D. We set d c = 1 4πi (∂ −∂), so that dd c = − 1 2πi ∂∂. The Kudla-Millson theta function and the Siegel theta function are related by the identity [BF04, Theorem 4.4]
For the Kudla-Millson theta kernel we have [BO, Equation (2.17)]
The Theta Lift
Let f be a harmonic weak Maaß form in H + −2k (N). Following Bruinier and Ono [BO] we define a theta lift as follows. For even k we let
and for k odd
We drop the index ∆, r if we consider the untwisted lift, and the superscript "e" respectively "o" in the case that the same proof works for even and odd k. We use a subscript h to denote the components of the lift. Note that the transformation properties of the twisted Kudla-Millson theta function directly imply that the lift transforms with representation ρ.
Recall Via the relation between the two theta kernels (3.1) we obtain 1
By the rapid decay of the Kudla-Millson theta function [Fun02, Proposition 4.1] we may move the Laplacian. Using Lemma 2.2 we then obtain that (4.1) equals
Since f is an eigenform with eigenvalue λ this equals λ 4 Λ o ∆,r (τ, f ). For even k we argue analogously.
We compute the lift of the Poincaré series F m (z, s, −2k).
Proof. For the explicit evaluation of the lift of Poincaré series we generalize the proof of Bruinier and Ono [BO] . Repeatedly applying Proposition 2.4 implies (by induction)
Using the definition of the Poincaré series (2.4) and an unfolding argument we obtain
By Lemma 3.1 this equals
Identifying 
The last integral is a Laplace transform and is computed in [EMOT54] (see (20) on p. 197). It equals
Inserting this we obtain that
Therefore, we have that (4.2) equals
For k = 0 and even k equation (4.4) can be rewritten as
If k = 0 we consider R We collect terms to obtain C e as in the statement of the theorem. For odd k we rewrite (4.4) as follows
A repeated application of the lowering operator (Lemma 2.5) yields the statement in the Theorem. Remark. In the case k = 0 one has to assume that the constant coefficient of the input function in M ! 0 vanishes to guarantee that the lift is weakly holomorphic. Otherwise it is a harmonic Maaß form in H 3/2, ρ . This case was treated in detail in [BF06, AE] .
For a cusp form g = ∞ n=1 a n q n we let L(g, D, s) be its twisted L-function L(g, D, s) = ∞ n=1 D n a n n −s .
We obtain a Kohnen-type theorem for the coefficients of the non-holomorphic part of the theta lift. Then we can write f as a linear combination of Poincaré series
By Theorem 4.3 the principal part of Λ o ∆,r (τ, f ) is given by
where C o is as in Theorem 4.3. We now use well-known pairing between the spaces H + 1/2−k, ρ and S 3/2+k, ρ (see Section 2.4). To prove that the lift is weakly holomorphic we have to show that Λ o ∆,r (τ, f ), g = 0 for every cusp form g ∈ S 3/2+k, ρ . Denoting the Fourier coefficients of g by b(n, h), we have
where S ∆,r (g) ∈ S 2k+2 (N) denotes the Shimura lift of g as in [Sko90a] . If f is weakly holomorphic this expression vanishes, since ξ −2k (f ) = 0. Let h ∈ L ′ /L and m ∈ Q >0 with m ≡ sgn(∆)Q(h) (Z). We define a twisted Heegner divisor on M by
Here Γ λ denotes the stabilizer of λ in Γ 0 (N). Let f be a harmonic weak Maaß form of weight −2k in H + 0 (N). We put ∂f := R k −2k f (z). Then the twisted modular trace function is defined as follows
Theorem 4.6. We let f ∈ H + −2k (N), h ∈ L ′ /L, and let m ∈ Q >0 with m ≡ sgn(∆)Q(h) (Z). We obtain the following results:
(1) The (m, h)-th Fourier coefficient of the holomorphic part of Λ e ∆,r (τ, f ) equals Remark. For the case k = 0 see Theorem 4.5 in [BF06] for the results on the untwisted trace and Theorem 5.5 in [AE] for the twisted trace.
Proof. To ease notation we prove the results when ∆ = 1. Using the arguments of the proof of Theorem 5.5 in [AE] it is straightforward to deduce the general result. We first consider the Fourier expansion of M ∂f (z)Θ(τ, z, ϕ KM ), namely
We denote the (m, h)-th coefficient of the holomorphic part of (4.7) by C(m, h).
Using the usual unfolding argument and then an argument of Katok and Sarnak [KS93] we find similarly as in the proof of Theorem 3.6 in [BO] (4.8)
where λ = −k(k + 1) and
Here ω(α(a)) is the standard spherical function of eigenvalue λ and α(a) = a 0 0 a −1 . Note that ω(α(a)) = ω a 2 +a −2 2 . Substituting a = e r/2 we obtain that (4.9) equals 2π ∞ 0 4t 2 cosh(r) 2 − 1 2π ω α (cosh(r)) sinh(r)e −4πt 2 sinh(r) 2 dr.
In this case the standard spherical function is given by the Legendre polynomial
Chapter 1]. By substituting x = sinh(r) 2 we obtain (4.10) 4πt 2
To evaluate the first integral in (4.10) we use the following recursion formula for the Legendre polynomial (see for example equation
Thus, we are left with
which is a Laplace transform computed in [EMOT54] (see equation (7) on page 180). It equals (4.12) (4πt 2 ) −1/4 e 2πt 2 k + 1 2k + 1 W 1/4,k/2+3/4 (4πt 2 ) + k 2k + 1 W 1/4,k/2−1/4 (4πt 2 ) .
The second integral in (4.10) can be evaluated in the same way (see equation (8) on page 180 of [EMOT54] ) and equals (4.13) − 1 2 (4πt 2 ) −3/4 e 2πt 2 W −1/4,k/2+1/4 (4πt 2 ).
Using (13.1.33), (13.4.17), and (13.4.20) in [AS84] it is not hard to show that the sum of the expressions in (4.12) and (4.13) is equal to e 2πt 2 W k/2+3/4,3/2 (4πt 2 ).
Thus, C(m, h) is given by
We now have to apply the iterated raising respectively lowering operator to the Fourier expansion in (4.7), which boils down to evaluating it on q m e 2πmv W k/2+3/4,3/2 (4πmv) = W k/2+3/4,3/2 (4πmv)e(mx).
By Proposition 2.6 we obtain 
Again the Whittaker function simplifies, namely W k/2+3/4,1/2−k (4πmv) = e −2πmv , which implies the desired statement.
Orthogonality to cusp forms
In this section we show that Λ e ∆,r (τ, f ) ∈ M ! 3/2, ρ is orthogonal to cusp forms with respect to the regularized Petersson inner product. Recall that for g ∈ S 3/2+k, ρ we have
where F t denotes the truncated fundamental domain F t = {τ ∈ H; ℑ(τ ) ≤ t}.
Theorem 5.1. For Λ e ∆,r (τ, f ) ∈ M ! 3/2+k, ρ , where k ≥ 0, and g ∈ S 3/2+k, ρ we have
Since ξ k (F ) is a cusp form for a harmonic Maaß form F , Theorem 5.1 together with Proposition 2.3 directly implies Corollary 5.2. We let F be a harmonic weak Maaß form of weight κ transforming with representation ρ. Here κ = 3/2+k, if k is odd, and κ = 1/2−k, if k is even. We denote the (m, h)-th Fourier coefficient of the holomorphic part by c F (m, h). Moreover, let f ∈ M ! −2k (N), such that Λ ∆,r (τ, f ) is weakly holomorphic and transforms with representation ρ. We denote the Fourier coefficients of the principal part by a Λ (m, h). Then we have
Proof of Theorem 5.1. To ease notation we prove the theorem in the untwisted case.
Since the twisted lift is essentially a linear combination of untwisted ones the arguments carry over directly (see the proof of [AE, Theorem 5.5]). Using the dominated convergence theorem it is tedious but straightforward to show that interchanging the integration with respect to z and τ is allowed. That is
.
We now consider the cases k = 0 and k > 0 separately. We first show that for k > 0 and
We have that
By the holomorphicity of g we obtain that (5.1) equals
We now apply Stoke's Theorem. Since the integrand is SL 2 (Z)-invariant the equivalent pieces of the boundary of the fundamental domain cancel and we obtain
Plugging in the Fourier expansions of the two series and carrying out the integration over u we see that (5.2) equals
where b(n, h) and a(n, h) denote the Fourier coefficients of g h and R k/2−1 3/2,τ θ h . Here, the main contribution comes from the exponential terms, implying that the limits tends to 0 as t → ∞.
For k = 0 we use an argument for harmonic forms on Riemann surfaces to show that lim t→∞ Ft
where we consider the components separately now.
We first show that ∆ 0,z annihilates this expression. Since the the partial derivatives ∂ 2 ∂x 2 and ∂ 2 ∂y 2 of Ft θ h (τ, z, ϕ KM )g h (τ )v 3/2 dµ(τ ) converge locally uniformly in z as t → ∞, we can interchange differentiating and taking the limit.
Recall that we have ∆ 3/2,τ Θ(τ, z, ϕ KM ) = 1 4 ∆ 0,z Θ(τ, z, ϕ KM ) by (3.2), which implies
The holomorphicity of g implies that the integrals in (5.3) and (5.4) vanish. When plugging in the Fourier expansions of g h (u + it) and L 3/2,τ θ h (u + it, z, ϕ KM ) and integrating over u we see that the resulting expression is exponentially decaying as t → ∞, which then implies ∆ 0,z lim For simplicity, we only consider the cusp ℓ = ∞. A careful analysis yields that we can interchange the limit processes with respect to t and y. The square exponential decay of θ h (τ, z, ϕ KM ) implies that lim y→i∞ θ h (τ, z, ϕ KM ) = 0. Therefore, lim y→i∞ h(y) vanishes.
Singular Moduli
Using Bruinier's and Ono's results [BO, Section 4] we show that the singular moduli 3 k D k ( 1 π ) k R k −2k f (α Q ) are algebraic integers. We first fix notation. We let −D < 0 be a discriminant and r ∈ Z such that r 2 ≡ −D (mod 4N). By Q D,r,N we denote the set of positive definite integral binary quadratic forms [a, b, c] of discriminant −D with N|a and b ≡ r (mod 2N). Then we let
be the Heegner point corresponding to Q ∈ Q D,r,N . We write O D for the order of discriminant −D in Q( √ −D).
Theorem 6.1. Let N be a square-free integer and let D > 0 be coprime to 2N and r ∈ Z with r 2 ≡ −D (mod 4N). Assume that f ∈ M ! −2k (N) has integral coefficients at all cusps. If Q ∈ Q D,r,N is primitive, then
is an algebraic integer in the ring class field for the order O D ⊂ Q(− √ D). Remark. Using work of Larson and Rolen [LR] one might be able to drop the 3 k .
Examples
Here we prove the formulas for the coefficients of η(τ ) −25 and Ramanujan's mock theta function f (q) that were presented in the introduction. Here we write W N Q for the corresponding Atkin-Lehner involution (see for example [Kna92, Chapter IX.7] for a definition).
Corollary 7.1. For n > 0 the coefficient of index 24n−1 24 , 1 of G 25 is given by
24n − 1 24 , 1 + t F ; 24n − 1 24 , 1 .
Proof. Using the transformation properties of the Dedekind η-function one easily sees that G 25 ∈ M ! −25/2,ρ . The principal part of G 25 (τ ) is equal to (q −25/24 + 25q −1/24 )(e 1 − e 5 − e 7 + e 11 ).
For the lift This has principal part 2(q −25/24 − 5 13 q −1/24 )(e 1 − e 5 − e 7 + e 11 .
This has principal part 2(25 + 5 13 )q −1/24 (e 1 − e 5 − e 7 + e 11 ). Then the sum 1 2C o Λ o (τ, F ) + Λ o (τ,F ) has principal part (q −25/24 + 25q −1/24 )(e 1 − e 5 − e 7 + e 11 ). Thus, G 25 (τ ) = 1 2C o (Λ o (τ, F ) + Λ o (τ,F )), which implies the formula in the corollary.
Remark. More generally, one can deduce formulas for the coefficients of η(τ ) −i , where i ≡ 1 (mod 24). Here we let Then, similarly as above, one has to construct a linear combination of twisted lifts of Poincaré series whose lift has the same principal part as G i (τ ).
7.2.
A formula for the coefficients of f (q). We consider Ramanujan's mock theta function f (q) := 1 + ∞ n=1 q n 2 (1 + q) 2 (1 + q 2 ) 2 · · · (1 + q n ) 2 = 1 + ∞ n=1 a f (n)q n .
We let ∆ < 0 be a fundamental discriminant with ∆ ≡ 1 (mod 24). We define F (z) = − 1 40 E 4 (z) + 4E 4 (2z) − 9E 4 (3z) − 36E 4 (6z) η(z) 2 η(2z) 2 η(3z) 2 η(6z) 2 = q −1 − 4 + 83q + · · · , which is a weakly holomorphic modular form of weight 0 for Γ 0 (6).
Corollary 7.2. We have a f |∆| + 1 24 = − 1 8i |∆| (t ∆,1 (F ; 1, 1) − t ∆,1 (F ; 1, 5) + t ∆,1 (F ; 1, 7) − t ∆,1 (F ; 1, 11)).
Remark. These formulas were checked numerically by Stephan Ehlen.
Proof. Here we employ the duality results between weight 1/2 and 3/2. Note that q −1/24 f (q) can be realized as the where the holomorphic part of h 0 is q −1/24 f (q) and the holomorphic parts of h 1 and h 2 are given by Ramanujan's mock theta function ω(q). The non-holomorphic parts are given by certain unary theta series [BO10, Section 8.2]. The principal part of H is given by q −1/24 (e 1 − e 5 + e 7 − e 11 ). In terms of Poincaré series we have F (z) . = F 1 (z, 1, 0) + F 1 (z, 1, 0)|W 6 2 − F 1 (z, 1, 0)|W 6 3 − F 1 (z, 1, 0)|W 6 6 , where . = means up to addition of a constant. By Theorem 5.5 and Theorem 5.6 of [AE] we see that Λ e ∆,1 (τ, F ) is a weakly holomorphic modular form. Note that the non-holomorphic part vanishes since 6 is squarefree and for ∆ < 0 we have χ ∆ (−λ) = −χ ∆ (λ). To determine the principal part of Λ e ∆,1 (τ, F ) we compute the lift of the Poincaré series. Note that the lift of a constant vanishes.
By Theorem 4.3 the function F (z) lifts to a vector valued Poincaré series having principal part 2i |∆| 1/2 q −|∆|/24 (e 1 − e 5 + e 7 − e 11 ).
